I. Introduction
Let K(6) be the algebraic field generated by a root 6 of the irreducible equation f(x) = x" + aix"-1 + ■ • • + an = 0 and let p be a rational prime. The theorem of Dedekind on the connection between ideals and higher congruences which is fundamental in the theory of algebraic numbers is the following: This theorem was first used by Zolotarevî in 1874 as a definition of •ideals. This definition is not general on account of the exceptional character of the index divisors, for the ideal decomposition on this definition depends on the particular equation used to define the field. Dedekind first attempted to establish a definition of ideals in terms of the equation defining the field, but for a general theory he was forced to his abstract definition which is now classical.! He proved Theorem 1 on this basis in 1878.H Zolotarev also gave up his attempt to define ideals directly in terms of the equation defining the field and in 1880* he succeeded in giving a general definition. On the basis of this definition Theorem 1 is no longer obvious. In the following paper I give a simple proof of the theorem by first developing the theory of congruences for ideal moduli in terms of the Zolotarev ideals.
The problem of determining the prime ideal decomposition of a rational prime p in the general case was solved by Kronecker's theory of forms, f Henself in 1894 showed that in this theory there exists an analogy to the Theorem of Dedekind which is valid for all primes. The calculation of the prime ideal decomposition by this method, however, is based on an integral base of the field. In the Zolotarev theory the ideal decomposition may also be calculated for any p from an integral base of the field. § The problem of determining the ideal decomposition of p directly from the equation defining the field is solved by the Theorem of Ore.|| In a later paper I shall establish these results directly from the Zolotarev definition.
II. Fundamental definitions and theorems on Zolotarev ideals
Greek letters are used to represent the integers of an algebraic field K of «th degree. Italic letters represent rational integers and p a rational prime.
Definition
1. o¡i is said to divide o>2 (mod p)if there exists a c, prime to p, such that c ■ w2/wi is an integer of K.
The notation wx\o32 will be used to denote the divisibility of co2 by coi (mod p). 4. If ir is not a unit (mod p) and ir |coico2 only when tr |coi or ir \w2 then ir is said to be a prime (mod p).
Theorem 2. EacA integer in K has a unique decomposition in primes (mod p).
Theorem 3. There exists a complete residue system (mod p) in K,
Theorem 4. All prime divisors (mod p) of p are contained in the set (1).
Definition 5. For each rational prime p, to each prime divisor ir(mod p) we associate a symbol $, called a prime ideal divisor, and say that an integer co contains the ideal divisor 'iß* if co is divisible (mod p) by irk.
Corresponding to each rational prime dividing N(a) as a modulus, co will contain certain ideal divisors. We write co symbolically as the product of all ideal divisors contained in co, i.e., Theorem 5. Each integer in K has a unique decomposition in prime ideal divisors.
An integer co of the field is determined to an absolute algebraic unit by its divisors for the rational primes which divide its norm as moduli. Theorem 5 is a symbolic statement that a representation of an integer co by its divisors for the rational primes dividing A(co) as moduli is unique (cf. Tchebotarev, loc. cit. p. 125).
Definition 6. // $ is the prime ideal divisor associated with the prime divisor ir (mod p), the power of p dividing N(ir) is called the norm, NÇ$), of ty.
7. The norm of a product of prime ideal divisors is the product of the norms of the factors.
III. Congruences for ideal moduli
Let coi, co2, • • • , co" be an integral base of K and ir an arbitrary integer ofE. Then let Q¿ be that for which |c<| is least. Since N(ir)<ai is of the form (3) such integers exist. We obtain the set Qi = bnui,
It is readily shown that every multiple of it in K is a linear combination of ßi, Q2, • • • , ßn with rational coefficients and conversely. Furthermore, if a multiple of ir has the form (3) then c{=0 (mod bu). Since the integers (2) also form a base for multiples of ir, the determinants |a<,| and |&<,| are each divisible by the other, i.e., N(t) = ±bxx-b22 • • • bnn. Suppose that ir is a prime (mod p) and that fy is the prime ideal divisor associated with ir. Let NÇ$)=P/, i.e., N(ir)=pfq where (/>, ?) = 1. We prove the following lemmas: Lemma 1. 7/«i=0 (mod $) iÄe» bu^O (mod />).
For if w.ssO (mod $) there exists a c, prime to /», such that cw< is a multiple of ir. Hence c=0 (mod bu) and therefore &«^0 (mod p).
Lemma 2. 6«^0 (mod p2), i = l, 2, ■ • • , n.
For since ir\p there exists a c, prime to p, such that cp, and hence c/>coj, is a multiple of ir. Hence cp=0 (mod £>«) and therefore bu^éO (mod />2).
From Lemmas 1 and 2 we obtain the following theorem: Hence c/_i="0 (mod p). Continuing in this way we obtain (6).
Theorem 8. Every integer co in K satisfies a congruence of the form If baféO (mod p) we may choose a á4 such that dibu = 1 (mod p). Multiplying fi< in (4) by o\ we obtain, since Qi=0 (mod $),
Hence, by successive elimination of the Wj's for which ¿>«^0 (mod p) from the expression for co in terms of the basis integers, we obtain (7). From Theorems 7 and 8 we obtain immediately Theorem 9. The norm of a prime ideal divisor $ is equal to the number of incongruent residue classes (mod ^ß) of integers in K.
To extend Theorem 9 to any ideal divisor we prove the following lemma:
Lemma 3. The number of incongruent classes (mod 3DÎ-91) is equal to the product of the number of classes (mod SDî) and the number of classes (mod 91).
For we may determine an integer p. of K divisible by 91 such that u/SSi is prime to SJÎ* Then, if r¡i and f, run over a complete residue system (mod SD?) and (mod 91) respectively, the integers Viß+Üt form a complete residue system (mod SDî-ïl) as may be shown in the usual way. Using Definition 7 we obtain the following theorem:
Theorem 10. The norm of an ideal divisor 5DÎ is equal to the number of incongruent classes (mod 9)c) of integers in K.
The theorems on congruences for ideal moduli in Section 8 of Hilbert's reportf follow directly.
IV. The theorem of Dedekind
Let 0 be a primitive integer of K and a root of the equation we have Di = kfd where A is the discriminant of 9, d is the discriminant of K, and ke= |a¿,| is the index of 9. By solving (9) for tai, u2, • • • , w" we obtain the following theorem :
Theorem 11. Every integer w in K can be expressed in the form bo + bxd + ■ ■ • + bn-xB"-1
The following theorem follows from Definition 3:
Theorem 12. If p does not divide ke then every integer of K is associate (mod p) to a polynomial in 9.
Theorem 13. If F(x) and G(x) are relatively prime (mod p), then F($) and G(9) are relatively prime (mod p). Since all primes (mod p) divide p (mod p) it follows that any common divisor of F(9) and G(9) must be a unit (mod p). Definition 8. By Theorems 3 and 12 we may choose any prime function 4>(x) (mod p) in such a way that <f>(9) \p. We shall call such prime functions "normal."
Theorem 1,4. If p does not divide ke and <p(x) is a normal prime function (mod p) then <f>(9) is either a prime or a unit (mod p).
Every polynomial F(x) is either prime (mod p) to <p(x) or divisible (mod p) by cp(x). In the first case F(9) is prime (mod p) to <p(9). In the second case F(9) is divisible (mod p) by 4>(9), for we have
and since 4>(9)\p, it follows that 4>(9)\F(6). Hence every integer in K is either divisible by <p(9) or prime to it and, by Definition 2, it follows that (p(9) is either a prime or a unit (mod p). Suppose that N(<p(d) )=0 (mod p). Then <f> (9) is not a unit (mod p) and hence is a prime (mod p). Let $ be the prime ideal divisor associated with the prime divisor c/>(0). We have <¡>(6) = 6f + cidf~l + ■ ■ ■ + cf = Q (mod $).
Hence, from Theorem 12, any integer co in K satisfies a congruence of the form co = biW-1 + ô#"2 +-\-bf (mod Iß).
Since />=0 (mod ^ß), it follows that the number of incongruent classes of integers in K is less than or equal to p>', i.e., NC$) ^pf. Hence, by Definition 6, N(<p(fi) )fé0 (mod^+0.
We are now prepared to prove the anologue of Dedekind's theorem:
Theorem 16 This may also be shown directly as follows. Suppose f(x) = TL$i(xYi + pM(x). ¿-i
Since we have supposed that p is not an index divisor it follows by a criterion due to Dedekind* that if e<>l then M(x)^0 (modd p, *j(x) ). Now let Pi(») = [n**(«)
•']/*!(*: ) (*-l,2,..,f).
We distinguish two types of #(x), (1) those for which M(x)=0 (modd p, $<(x) ) and (2) those for which Af(x)^0 (modd p, *<(x) ). If «^(x) is of type (1) we write <pj(x)=i>,(x)+/>Pj(x), if i>{(x) is of type (2) we write <Pi(x)=$i(x). Then 
